NON-SYMMETRIC DIFFERENTIALLY SUBORDINATE MARTINGALES
AND SHARP WEAK-TYPE BOUNDS FOR FOURIER MULTIPLIERS

MERYEM AKBOUDJ, YONG JIAO, AND ADAM OSEKOWSKI

ABsTrACT. Let p > 2 be a given exponent. In this paper we prove, with the best constant,
the weak-type (p,p) inequality
”Tmf”LP,OO(Rd) < Cpr”Lp(Rd)a

for a large class of non-symmetric Fourier multipliers 73, obtained via modulation of jumps of
certain Lévy processes. In particular, the estimate holds for appropriate linear combinations
of second-order Riesz transforms and skew versions of the Beurling-Ahlfors operator on the
complex plane. The proof rests on a novel probabilistic bound for Hilbert-space-valued
martingales satisfying a certain non-symmetric subordination principle. Further applications
to harmonic functions and Riesz systems on Euclidean domains are indicated.

1. INTRODUCTION

As evidenced in numerous papers and monographs, probabilistic techniques play an impor-
tant role in the study of boundedness of various objects in harmonic analysis, often offering
sharp or at least tight results. The purpose of this paper is to explore further this interesting
direction and shows how a certain fine-tuned estimate for martingales leads to sharp weak-type
bound for a wide class of Fourier multipliers.

We start with recalling the necessary background and notations which will be used in our
considerations below. For any bounded function m : R¢ — C, there exists a bounded linear
operator T, on L?(R?), called the Fourier multiplier with the symbol m, given by the identity
fm\f = mfinvolving the corresponding Fourier transforms. By Plancherel’s theorem, the norm
of T},, on L?(R?) is equal to ||m||o and it has been long of interest to investigate those symbols
m, for which the associated multipliers extend to bounded operators on (all or some) LP(R?),
or some other function spaces. In our considerations below, we will investigate tight weak-type
estimates for a class of symbols which have a nice probabilistic interpretation. They are called
Lévy symbols in the literature, their study was started with the paper [8] and continued in
several works (see e.g. [9, 10, 13, 26] and consult the references therein). To recall these, we
need some additional notations. Let v be a Lévy measure on R?, i.e., a nonnegative Borel
measure on R satisfying v({0}) = 0 and

/ min{|z|?, 1}v(dz) < cc.
Rd

Let u be a finite Borel measure on the unit sphere S of R? and fix two Borel functions ¢ on R?
and 1 on S with values in R. We define the associated multiplier m = mg .., on R? by

5 J5 (€.0)°0(O)n(d6) + [aall — cos (€, x)] () (dx)
3 (6,002 1(d0) + [oa[l — cos (€, 2)]v(dx)
if the denominator is not 0, and m(£) = 0 otherwise. Here (-, ) stands for the scalar product
in R
Many important examples are included in this class, as we show now. Let ey, ea, ..., €4 be
the collection of unit vectors in R and let 6ej be the Dirac measure concentrated on e;. If we

m(§) = (L.1)
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take v =0, pt = 0¢; + de, + ... 0., and consider ¢ which is equal to 1 on e; and vanishes for
2
all other ey’s, then m(&) = éﬁ, i.e., T}, is the second-order Riesz transform R?, an absolutely

classical object in harmonic analysis and potential theory (cf. [40]). This in turn leads us to
another crucial example in the planar case d = 2. Recall that Beurling-Ahlfors operator can
be defined as the Fourier multiplier with the symbol m(£) = (£/|¢])?, € € C\ {0} (with the
standard identification C ~ R?). Alternatively, we can define B by the identity

B=7R?-R2+2RR,
, where R, and R, are the Riesz transforms in R2. This operator plays a fundamental role in
the study of quasi-conformal mappings, partial differential equations and complex analysis: we
refer the interested reader to the monograph [4] for the detailed exposition of the subject. In

particular, evaluating the precise LP norm of B is a long-standing open problem; a celebrated
conjecture of T. Iwaniec [27] states that

1Bl Lo (@) Lr(c) =max{p—1,(p—1)7'},  1<p<oo,
and its validity or failure would have many profound consequences (see e.g. [4, 5]). Analogous
questions about the boundedness of Rjz- or B on other function spaces have also been studied
intensively in the literature (see e.g. [25, 28, 29]) and applied to regularity of solutions to certain
classes of elliptic PDEs and certain aspects of geometric function theory.

The list of meaningful examples of multipliers with symbols (1.1) is much longer. We present
some of them, following the exposition in [7]. Let x = 0 and let v be the Lévy measure of a
non-zero symmetric a-stable Lévy process in R?, o € (0,2) (for the relevant definitions, we
refer the reader to [39]). In polar coordinates, we have the identity

v(drdd) = r~ '~ *dro(d), r>0,0¢€Ss,

where the so-called spectral measure ¢ is finite and non-zero on S. Pick a function ¢ : R — [0, 1]
homogeneous of order 0, that is, satisfying ¢(z) = ¢(x/|z|) for z # 0. Let co = [;~[1 —
cos s]s~1%ds. We have

/]R 1~ cos(g, 2o (v (dr) = /S /O [1 — cos(¢, r0)]é(r0)r—'~*dro (d6)
S ACUIRIOETD

which leads us to the symbol

M, (€) = Js [€.0)|*¢(0)o(d0)
: Js (€, )]0 (de)
In particular, if we take o to be the probability measure satisfying o(er) = 1/d for each k and

¢ is the indicator function of the j-th axis, we obtain Marcinkiewicz-type multipliers (see Stein
[40], p. 110):

(1.2)

(91
M, ; = . 1.3
R I CE AT T (3
Note that if we pass with « to 2, we obtain the second-order Riesz transforms R?. To present

another example, assume that d is even: d = 2n, and let ¢ be the uniform measure on the set

{zreS:ai+...+ai=1ora2  +22,0+...+23, =1}
If ¢ is the indicator function of {x € S: 2% + ... + 22 = 1}, then (1.2) becomes
2, ¢2 2)a/2
M) = 7 |£;+/§2+.2“+§n|2 2 |a/2°
|£1+£2++£n|a +‘€n+1+§n+2+"'+£2n|a

Our final example is related to the class of the so-called tempered stable Lévy processes [42].
Set ;1 = 0 and define the Lévy measure v in polar coordinates by

v(drdd) = r~— " *dro(d), r>0,0¢€S8,
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where o is the general spectral measure as above. This yields the multiplier

Mg _ Ja 1B+ (60 9(0)0(d0)
Jslog[1 + (€, 6)2]o(dR)
In particular, by choosing ¢, ¢ as previously, we get the logarithmic multipliers
M6 = log(1 +&7)
log(1+&7) +log(1 +&5) + ... +log(1 +&3)’
The above examples justify the interest in various tight inequalities for the wider class of
Fourier multipliers, with symbols given by (1.1). This subject has been investigated in many

papers and extended beyond the Euclidean setting [1, 11]. For example, the seminal paper [8]
contains the proof of the estimate

ji=1,2,...,4d.

[T || o ()= Lo (ray < max{p — 1, (p—1)""}, 1<p<oo,

under the assumption that ¢ and ¢ take values in [—1,1]. Then it was proved in |13, 26| that
the estimate is sharp, for 7,, = R? — R3. The corresponding sharp weak-type, logarithmic,
exponential and restricted estimates can be found in [34, 37, 38].

It is natural to ask about the sharp versions of the above estimates if we restrict the range
of the functions ¢ and ¥ to some interval different than [—1,1]. For example, as we have seen
above, the second-order Riesz transform Rf of the Marcinkiewicz multiplier (1.3) are obtained
with [0, 1]-valued functions. In our considerations below, we will assume that the functions ¢
and 1 take values in the interval [b, B], where b and B are fixed parameters satisfying b < 0 < B
and b+ B > 0 (the latter condition can always be imposed, due to the symmetry). For instance,
the “asymmetric” second-order Riesz transform

T, = BR? 4+ bR,
or, more generally, the “skew” Marcinkiewicz multiplier with the symbol
_ BI&|* + bl&k |
€] + (€l + .o+ [al™

j # k, can be obtained in such a manner. To the best of our knowledge, the question about the
best constant cp . g in the LP estimate

M(x,j,k(g)

1T fll e ey < cpb, Bl fllLe@a)s 1 <p<oo,

is still open (the paper [10] relates its value to a sharp constant in a certain martingale inequal-
ity). In the very special case b = 0 and B = 1, its description is contained in Choi’s paper [21]
and is quite technical.

The contribution of our present paper is the identification of the constant in the corresponding
weak-type estimate. To state the result, we need an auxiliary parameter. Given p > 2 and b, B
as above, let ¢ = ¢, ; p be the unique number in (1, c0) satisfying

(B—b)c’™' =2Bc+ B +b. (1.4)

(The existence and uniqueness follow easily from Darboux property, the strict convexity of the
function ¢ — ¢?~! and the fact that for ¢ = 1, the left-hand side is smaller than the right-hand
side).

Theorem 1.1. Let pu, v, ¢ and v be as above and let m be defined by (1.1). Then the multiplier
T, satisfies

1T fll oo ey < Cpp, Bl fllLr®a), 2 <p<oo, (1.5)

where
o _1[@Bet-1)(B-b)B-y]"” 6
B = 5 e : (1.6)

The constant is the best possible for each dimension d > 2.
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We would like to emphasize that the above result holds in the range p > 2 only: for re-
maining values of p (i.e., for 1 < p < 2) we have been unable to push the calculations through.
Nevertheless, we believe that the above implicit description of the best constant Cp,;, p is very
nice and relatively simple.

Actually, we will show that the estimate (1.5) is sharp in the special case of non-symmetric
second-order Riesz transforms, i.e., for T,, = BR? + bR3. Inequalities for such operators are
of interest from the viewpoint of regularity of solutions to certain partial differential equations
and potential theory. Consider the following simple application, motivated by the discussion in
[40, p. 59-60]. Suppose that f is of class C? on R? and has compact support. Then we have
the sharp estimate

Bo? bo?
ﬁx%f 5:03]0 Lp:oo (R4) = Cp,lLBHAf”LP(Rd)'

A few words about our approach and the organization of the paper are in order. The proof
will rest on an appropriate novel sharp inequality for martingales satisfying a certain non-
symmetric subordination, which is of independent interest and connections. This probabilistic
result will be established in the next section, actually, in a full range 1 < p < co (but with a
non-sharp constant when 1 < p < 2). Section 3 is devoted to the proof of Theorem 1.1. The
final part of the paper contains some further applications of the martingales estimates in the
study of harmonic functions on Euclidean domains.

2. NEW MARTINGALE INEQUALITIES

The probabilistic contribution of the paper is also significant on its own. We present quite a
detailed presentation. For convenience, the contents of this section is split into several separate
parts.

2.1. Definitions and the statement of the results. Let (Q2, F,P) be a non-atomic proba-
bility space, filtered by (Fy,)n>0, & nondecreasing family of sub-o-fields of F. Let f = (fn)n>0
be an adapted discrete-time martingale taking values in some separable Hilbert space #; the
norm and the scalar product in this space will be denoted by |- | and -, respectively. Without
loss of generality, we may and do assume that the space is equal to ¢2. Assume further that
(dfn)n>0 stands for the difference sequence of f, i.e.,

dfo = fo and df, = fn — fn—1 foralln>1.

Let g be a transform of f by a predictable sequence v = (vy,),>0 bounded in absolute value by 1:
that is, we have dg,, = v,df, for all n and each term v,, is measurable with respect to F(,_1)vo-
Then, following Burkholder [17], for 1 < p < co we have the sharp strong-type inequality

lgllp < (" = DSl (where  p* = max{p,p/(p —1)}). (2.1)

Here we have used the notation || f||, = sup,, || fx|l,- In the boundary case p = 1 the above mo-
ment inequality does not hold with any finite constant, but one can establish the corresponding
weak-type bound. If 1 < p <2, then ([17])

2 1/17
poo < (w) £l (2.2

p.oo = SUPy=o AP(sup,, |gn| > \)1/P. For p > 2, Suh [43] showed that

p—1\ 1/p
poe = (557) Wl 2.3)

Both (2.2), (2.3) are sharp. These inequalities (i.e, strong or weak type) have also been studied in
the less restrictive setting in which the martingale g is assumed to be differentially subordinate
to f. The latter means that for each n > 0 we have the almost sure bound |dg,| < |dfy].
One can also extend the strong- and weak-type estimates for martingale transforms in other
directions. For instance, one can consider the case in which the transforming sequence (vy,)n>0
takes values in [0, 1]: see Burkholder [18] and Choi [21]. In analogy to the previous case, one

gl

where |g|

g1
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can investigate the more general context invoking the appropriately modified, non-symmetric
differential subordination, which reads

(dgal> < dfs - dga, n=0,1,2,.... (2.4)

This is equivalent to saying that the martingale —% + g is differentially subordinate to g Under
this assumption, we have the strong type estimate [21] (see also [35]),

||9||p < Cp”f“p- (2.5)

The best constant ¢, is quite complicated, we refer the reader to the above papers for the precise
description. We also have the following sharp weak type bound [36]: if 1 < p < 2, then

19llp,cc < [[f1lp (2.6)
while for p > 2, we have
191lp,00 < Cpllfllps (2.7)

-1
where C), = % {M and ¢ = ¢(p) > 1 is the unique positive number satisfying

c+1
Pl =2c+1.

In our considerations below, we will establish the weak-type (p,p) bound in a more general
setting. Namely, we consider the case of martingale transforms in which the sequence (vy,)n>0
takes values in the interval [b, B] for some b < 0 < B satisfying b+ B > 0. As previously, we
will study the more general subordinate context: namely, we assume that martingales f and g
are such that g — #f is differentially subordinate to B;bf. It is easy to check that this non-
symmetric version of differential subordination does generalize the previous setup of martingale

transforms. To the best of our knowledge, the best constant c,; g in the L? estimate

I9llp < cpp,B1 fllp (2.8)

seems to be unkown, while we will prove the following related result, i.e., the weak-type (p, p)
estimate.

]1/27

Theorem 2.1. If f, g are two Hilbert-space-valued martingales satisfying the following non-
symmetric condition

B B
9= T—i_bf is differentially subordinate to ?bf,

then for all 1 < p < oo we have

19llp.c0 < Cpp,81flp-
Here Cppp = B —0b for 1 <p <2, and Cpp g is given by (1.6) for p > 2. In the latter case,
the constant is the best possible. It is already optimal if H = R and g is assumed to be the
transform of f by a predictable sequence taking values in the interval [b, B].

Unfortunately, we have been unable to prove the sharp version of (2.10) in the range 1 <
p < 2. We easily see that the above result does generalize (2.7).

We would like to point out that all the above estimates hold also in the more general
continuous-time case. Suppose that (2, F,P) is a complete probability space, filtered by a
nondecreasing right-continuous family (F;):>o of sub-o-fields of F. We assume in addition
that Fy contains all the events of probability 0. Suppose further that X, Y are two adapted
martingales taking values in H = (2. As usual, we impose standard regularity restrictions on
trajectories of X and Y: we assume that the paths are right-continuous and have limits from the
left. Then [X, X], the quadratic covariance process of X, is given by [X, X] = >"7°  [X™, X"],
where X™ is the n-th coordinate of X and [X™, X "] is the usual square bracket of the real-valued
martingale X™ (see Dellacherie and Meyer [23] for details). Following Bafiuelos and Wang [12]
and Wang [415], we say that the martingale Y is differentially subordinate to X, if the process
(X, X, — [Y,Y])¢>0 is nondecreasing and nonnegative as a function of ¢. Treating two given
discrete-time martingales f, g as continuous-time processes (via X; = f|;} and Y; = g4}, t > 0),
we see this new domination is consistent with the original definition discussed previously.
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The continuous-time generalization of Theorem 2.1 is as follows. In analogy to the discrete-
time case, we use the notation [|X||, = sup;>q[[X¢ll, and Y[y oo = sup;>g [|Yillp,co for the
strong and weak p-th norms.

Theorem 2.2. If X, Y are two Hilbert-space-valued martingales such that

B+b B-b
Y — T+X is differentially subordinate to TX’ (2.9)

then for all 1 < p < oo we have
Y llp.0o < Cpp.l Xllp- (2.10)

For p > 2, the constant Cpp, g given by (1.6) is the best possible.

The inequality (2.10) will be proved with the so-called Burkholder’s method (sometimes also
referred to as the Bellman function technique). More specifically, we will deduce the validity
of the estimate from the existence of a certain special function, enjoying appropriate size and
concavity requirement. This argument goes back to the seminal works [17, 19] of Burkholder
and has been extended in many directions. For an exhaustive presentation of the method, its
connections to the theory of PDEs, and numerous examples, we refer the interested reader to
the monograph [35].

2.2. Proof of Theorem 2.2, the case 1 < p < 2. In this range of the parameter p, the proof
is relatively simple. We contain the details for a convenience. Define the functions U, and V),
by the formulas

U () = APV (y — (B+b)z) +pbBla|? if Exb|z| + |y — Biba] <1
P p—p(B —b)|z| otherwise

and
Vo2, y) = X{ly1>1y — (B = b)P|z".
We have the following majorization.

Lemma 2.3. For all x,y € H, we have

Up(z,y) = Vp(z,y). (2.11)
Proof. If ly| > 1, Vp(z,y) =1 — (B — b)?|z|? and
B+b B+b B+b B-b
<l|y| < ly— <ly-—
teiyl < fu- 2l v EX 0l <y - 2]+ B2,

then Up(z,y) = p—p(B —b)|z] > 1 — (B — b)P|z|P = Vp(z,y) since p —ps > 1 — s, for all
s > 0, by virtue of the mean-value theorem. So, suppose that |y| < 1. We consider two cases.
If |2y — (B +b)z| + (B — b)|x| > 2, then

Up(x,y) =p—p(B=b)[z[ 21— (B=b)"|z|" > (B = b)"|z]" = Vy(z,y)
and we are done. Finally, if |2y — (B + b)z| + (B — b)|z| < 2, then we have

—(B —b)? —(B —b)?
Vyla.y) = ~(B - tylap < p=E W japp < p TE P
(by the mean value property of the convex function ¢ +— P/ %) and hence
B+b\?
Vy(@,y) — Up(w,y) < —plyl* +p(B+b)z-y —p (2> x|
2
=—p ‘y — z| <0.
The proof is complete. O

We are ready to establish the weak-type estimate.
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Proof of (2.10). Consider an auxiliary special function u; : H x H — R given by
_ WP =P e+ ] < 1
ul(ir?y) - .
1—2Jz|  if |z + |yl > 1.

Theorem 5.6 in [35] asserts that if & = (&)i>0, ¢ = ((¢)t>0 are continuous-time H-valued
martingales such that ( is differentially subordinate to &, then Euq (&, (;) < 0 for all t. Applying
this estimate to ¢ = £72X and ¢ =Y — £F2X and noting that for all z, y
B-b B+b
up(xvy) = pui (2$»y— 2 .’L') )

we obtain EU,(X;,Y;) < 0. Combining this with the previous lemma, we conclude that EV,(X;,Y;) <
0 and hence

P(Yi[ = 1) < (B = b)?[[ Xel[; < (B = 0)P[ X5
The non-symmetric subordination of Y to X is preserved if we divide both processes by a
positive number, so we get

[1¥2ll7, 00 = sup NPP([Y:| > ) < (B —0)P|| X|[;
>0
and taking the supremum over all ¢ yields the desired assertion. O

Remark 2.4. Using a standard stopping time argument, one can establish a slightly stronger
inequality

< (B=9)[Xllp,

p,o0

sup |V
t>0

which involves the maximal function of Y on the left. To see this, fix 0 < X < ), introduce
the stopping time 7 = inf{t : |Y;] > N} (with the convention inf{) = +o00) and note that
the nonsymmetric differential subordination is preserved if we pass to the stopped martingales
(Xrat)t>0 and (Yra¢)e>0. Consequently,

(XY B(Yypdl > N) < (B = PE|X,uil? < (B = bEIX,[” < (B - b)7||X 2.
It remains to note that {sup,>q |Y:| > A} € U,>¢{lg9-at] > '} and the event appearing in the
union are nondecreasing. Hence, B

(A')pP(iglg [Yonel 2 A) < (B = b)P[IX]I5

and letting A’ 1 X\ completes the proof, since A\ > 0 was arbitrary.

2.3. Proof of (2.10) for p > 2. Here the analysis will be much more involved. We would also
like to emphasize that the reasoning will be a significant improvement of that appearing in [36]:
actually, we will study a slightly stronger form of the weak-type estimate which will enable us
later to pass to the corresponding sharp inequality for Fourier multipliers.

We start with the definition of an auxiliary function U, : H x H — R, given by the formula

0 if B2b|z| 4 |y — EFba| <1,
2 N2 . _
(ly — Bta| —1)" = (B52) " |22 if 2520 + |y — Zf2af > 1.

Next, recall ¢ € (1,00) given by (1.4) and set

Uso(z,y) = {

(p—1)(B—b)
(p—1)(B—1b)+2Bc’
We have 0 < D < 1 — p~!; the first estimate is clear and the second follows easily from the

inequality ¢ > 1. The special function U, : H xH — R corresponding to the weak-type estimate
is defined by

D=D,yp=

27" p(p-2)Cy, 5 [P Ty
p— k) p_l - -
Up(z,y) = (pil)p72(Bib)p‘/() s um(s’s)ds'
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After some lengthy, but direct and rather straightforward calculations we get
?Cr, L B—b‘ i+ B+b [\*!
(-1 "B -0y i

B+b B—b
X(‘y—;x‘ﬂl—p) 5 mI)
if 2280a|+ |y — 2522 < D, and

p(p—l)(p—2><|y Bitaf? — (B Paf 2y - B“’wu)
) P

Z/lp(x,y) = X

Uley) = =1 (»—2)D 1

otherwise. Finally, define the function V, : H x # — R by the formula

Vp(z,y) =p(lyl = 1+p )y = CF, pla?.

We will show that U, > V), in the following three lemmas. First, notice that it suffices to

establish the majorization in the real case and for x,y satisfying 0 < z < B+by Indeed, let us

(for a moment) write Z/{;‘, V;" instead of U),, V,, to indicate the Hilbert space we are working
with. For z,y € H, take 2’ = |z| and ¢/ = |y — ZFPx| + £F|z|. Then

B+b B+b

2
0<a' < y_BAb
VS gV T =l

x|
and y' > |y, so
U (z,y) =Uy (2',y)) and V}i(z,y) < Vi, y).
Consequently, we have
U (z,y) — Vit (z,y) > U (@, y) — VE@y)
and hence it is enough to work under the additional assumptions on = and y formulated above.

Lemma 2.5. We have U,(x,y) > Vp(z,y) for y — bz < D.

Proof. The assumption y — bx < D is equivalent (under the above conditions on x and y) to
%M + }y — %aﬂ < D. Since D <1 —p~1, the assertion can be rewritten in the form

2P —bx p—1 - b(p — 2) _pB —xP
e O )z -

By continuity, we may restrict ourselves to « > 0. If we divide both sides by «P, the desired
estimate becomes Fo(Z —b) > 0, where

2p B-b
Fo(s) = sP~t (s —p) +1, s> 0.
(p— 1P~ (B—b) 2
Note that [}j(s) > 0if s > Z=b(p — 1), Fj(s) <0 for s < Z-2(p— 1) and
B-b B-b
F(——(p—1) = F(——@-1)=0.
This implies Fy(s) > 0 for all s and we are done. O

Lemma 2.6. We have Uy,(z,y) > Vy(x,y) forbz + D <y <1—p~!
Proof. Since y > bx + D, we have

>D

T

e+ o -

and hence the majorization is equivalent to

_ _ 2 2 _ B+b
plp—1)(p—2) (y* +bBa® — (B +bxy _ 2(y ) i D + Cpbep > 0.
2(c+1) (p—2)D p—1 P P,
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Denote the left side by Fi(y). Then Fj(y) > 0 if and only if y > BT'H’JU + Dg%f, so we will be
done if we show that

-1)(p—2 D
p(pz(czr(ﬁ) : ( (( )1)9 t ol 1)2> +Cpppa” 2 0. (2.12)

The left hand side of (2.12) is equal to F} (?m)Q), where F} is given by

s:p(p—l)(p—Z) s D . ipspﬂ
B ="y ((p—2>D+p<p—1>2)+Cf%”vB<B—b> ‘

It suffices to note that F5 is convex and

7 ((ﬁ)) . ((ﬂ)) _o. (213

The proof is complete. O

Lemma 2.7. We have U,(z,y) > Vy(z,y) fory >1—p~?

Proof. The estimate is equivalent to

pp—1)(p—2) Jy* +bB2® — (B+bay 2Ay—rw) D
2(c+1)

(p—2)D - p-1 p
_p(y -1 +p_1) + Cg,b)B(Ep 2 0.

We will show the validity of the above bound for all x, y > 0. Denote the left hand side by
F5(x,y). The partial derivative of F5 with respect to y is given by

plp—1)(p—2) [2y—(B+bxz 2
F: = _ _
%(,y) 2(c+1) (p—2)D p—1 P
_ plp—1) _B+bx_1+(B+b)(1—D)
~ (e+1)D 2 2B ’
Thus, it suffices to establish the estimate on the halfline
_B+b (B+b)(1-D)
=5 ol 2B '

For such z, y, the claim becomes
_pp=1) (B-b > p(B+b)
2(c+1)D 2 2
where & does not depend on z. Denoting the left-hand side by Fy(z), we check that

1-D 1-D
(7)) -

However, it is clear that F;(0) < 0 and there is a constant 1 > 0 such that Fy is concave on
[0,7) and convex on (n,00). This proves that Fy(x) > 0, which completes the proof of the
lemma. 0

r+Chy g +6 >0,

We are ready for the proof of the weak-type bound.

Proof of (2.10). We may assume that X is LP-bounded, since otherwise there is nothing to
prove. Then Y is also LP-bounded, by Burkholder’s moment estimate (2.1) (or rather its
continuous-time version established by Wang [45]). Indeed,

B+b B+b B - B—|—b
5 + 51Xl < (0"~ 1)7||XHp —5 Xy <

Y1, < \
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As in the case p < 2, the key argument is to consider an auxiliary special function. Let
Uso : H X H — R be given by

oo (2,7)) = 0 if |z + |y < 1,
o (Jyl = 1)* = [=* if |2+ y[ > 1

By Theorem 5.6 in [35], if £ = (&)i>0, ¢ = ((¢)>0 is a pair of continuous-time, H-valued and
L2-bounded martingales such that ¢ is differentially subordinate to &, then Eus (&, ;) < 0 for
all t > 0. We apply this bound to the pair £ = BT”’X and (=Y — %X and observe that

B-b B+b>
T,y — T
2 2

Uso(7,y) = Uoo <

for all z, y; consequently, we obtain Elf, (X, Y;) < 0. By Fubini’s theorem, this immediately
yields EU, (X, Y:) < 0 for all t. (To see that Fubini’s theorem is applicable, notice that
Uso(,9)| < K(]2|? + |y|? + 1) for some constant K and therefore,

D
E/ PP oo (X /5, Yi/5)|ds < K'E(X, [ 4+ Vi + 1) < oo,
0
for some K’.) Now, using the majorization U,, > V,, we obtain
PE(IYi| = 1+p7Y); < CT, JEIXIP. (2.14)

It remains to note that P(|Y;] > 1) < pE(|Y;| — 1 +p~!)4, and the proof is completed exactly
in the same manner as in the case p < 2. We would also like to mention here that Remark 2.4
also applies here and yields the stronger estimate

sup | Yy
>0

< CpplX]p O

p,00

Remark 2.8. The reason why we consider the stronger (but a little strange-looking) estimate
(2.14) is that the expression on the left is a convex function of Y;. This will be crucial for
our applications in Section 3: roughly speaking, Fourier multipliers we consider there can be
represented as conditional expectations of certain dominated martingales Y, and the efficient
study of these requires the use of Jensen’s inequality.

2.4. Sharpness for p > 2. Now we will prove that the constant C} p cannot be improved,
even if we restrict ourselves to the discrete-time and real-valued case, in which the martingale g
is assumed to be the transform of f by a predictable sequence with values in {b, B}. Let p > 2
be fixed.

Let N be a huge positive integer, let ¢ < D be a small positive number and let 6 > 0 be
determined by the condition

e(1+(B-0)8N =D, (2.15)

that is, § = (B—b)~! ((D/e)'/N — 1). Finally, consider the auxiliary parameter d = (B_bfw.

Consider the Markov martingale (f,g) with the distribution uniquely determined by the
following requirements.

(i) The process starts from (0, ¢).

(ii) The state of the form (0,7), v < D, leads to (—d~,v — Bdry) or to (67, + Bdvy).

(iii) The state of the form (4, y+Bd~) leads to (0,v+(B—b)d7) or to (dvy, y+(B—b)dv+bdy).
(iv) The state (0, D) leads to (—dD, D — BdD) or to (152, 1).

(v) All other states are absorbing.

We do not need to specify the transition probabilities in (ii), (iii) and (iv), they are determined
by the requirement that (f, g) is a martingale. It is not difficult to see that g — ¢ is a transform
of f by the predictable sequence taking values in {b, B}: specifically, the transforming sequence
v = (Un)n>0 is equal to b for even n and B for odd n. Note that the pair (f, g) terminates after
at most 2N + 1 steps.
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Let us study the distributions of f and g. Directly from the above construction, we see that

da)N Dd

IP)(92N+1—521—5)—]?(921\/+1Zl)—(d_ﬂg .Dd—i-ﬂ

For f, the calculations are more involved. The absolute value of the terminal variable, |fon 41/,

is concentrated on the set

{ds, (14 (B —b)8)de, (1 + (B — b)3)2de...., (1+ (B — b)5)Nde, 1= D} .

B
The corresponding probabilities are the following. For n =0, 1,2, ..., N — 1,
d—686\" 26
(faxal = (+ (B =001 = (§55) - 75

In addition,

N d_(s 1fBD
P(|fon+1| = (1 + (B — b)d) ds):IE”(|f2N+1|:Dd):<d+6> YRR

1-D d—os\V Dd
(o= 52) - (42)" 2
B d+6 Dd+ =2

Consequently, we have

and

- 5\ 26
E|fan+1l? = > [(1+ (B —b)d)"de]” - <Z+5> , dL—s—é

n=0
N 1-D _ p
+<d—6) iy T +<1 D). Dd
d+9 Dd + 12 B Dd + 152
ooy (HB 0 (52)"
d+6 (1+(B-1b)s (L&)
1-D

d—3o 1-D\"  Dd
- Dd)P - B .
+(d+6) [( ) Dd+1jBD+< B ) Dd + 152

Now, if we let N — oo, then § — 0; more precisely, (2.15) implies that N§ — (B—b)~!log(D/e).

Consequently, we see that

N
<d5> — (e/D)?/(dB=Y) — (¢/p)P~1

d+9
and
(1 + (B — b)s)" <H> /5 p(B=b)—2=B—b
d+6 d
Putting all these observations together, we see that
P(goni1 —€>1—¢) — (¢/D)P - DdfdlBD’

furthermore, E|fon41|P converges to

2ePdr—1 (2 — 1 p—1 1-D 1—D\? Dd
(E ) * (i) (Dd)” - B17D +( > ' 1-D |-
B-b D Dd + =2 B Dd + 2P

B

Consequently, the ratio E|fon41|”/P(|gan+1 — €] > 1 — ¢) approaches

D 20=9) (g, 150 [ioarr 152 4 (152)]

B—-b
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It remains to observe that € was arbitrary: sending it to zero, we check that the above expression
converges to C’;i’B. Indeed, dividing both sides by (Dd)P~!, the latter is equivalent to

2 1-D 1-D 1—-D\?
—_ (P 1-p g1—p
B_b<D+ Bd>+ = +Dd<BDd) C b D' Pd P,

Now, directly from the definitions of C), 5 g, D and d, the right-hand side is equal to 2(c+1)/(B—
b). Furthermore, we have ¢ = (1 — D)/(BDd), so if we multiply both sides by (B — b)/D, the
above equality becomes 2(c + 1) 4+ (B — b)(dc + dcP) = @, or
B-b 1-D
Py — )
5 (c+cP)=2(c+1) BDd"

But (1 — D)/(BDd) = ¢, so if we divide both sides by ¢, we see that the desired identity is
equivalent to (1.4). This establishes the desired sharpness.

3. A WEAK-TYPE INEQUALITY FOR FOURIER MULTIPLIERS

Now we will see how the probabilistic estimates established in the previous section lead to
corresponding estimates for Fourier multipliers. We split the contents into separate subsections.

3.1. Stochastic representation of the multipliers from the class (1.1). This is described
in full detail in [8], so we shall be brief. Let m be the multiplier as in (1.1), with the corre-
sponding parameters ¢, 1, 4 and v. Assume in addition that v(R?) is finite and nonzero, and

put o = v/|v|. Consider the independent random variables T_1, T, ..., Z_1, Z_o, ... such
that for each n = —1, —2, ..., T,, has exponential distribution with parameter |v|, while Z,
takes values in R? and has  as the distribution. Next, put S,, = —(T_1 +T_5 + ...+ T,) for
n=—1, —2,... and introduce the family of compound Poisson processes
Xev= >, Zjy  Xao= Y. Zj,  AXey=Xo— X,
s<5;<t s<S;<t

for —oo < s <t < 0. Next, for a given sufficiently regular function f : R¢ — C" (say, belonging
to C§°), define the corresponding parabolic extension Uy to (—oo,0] x R? by the formula

Up(s,z) =Ef(z+ Xs0)-

For a fixed z € RY s < 0, f : R? — C" and ¢ : R? — [b, B], we consider the processes
F= (Ff’s’f)sgtgo and G = (Gf’s’f’qb)sgtgo given by

Ft = uf(tvx + Xs,t),

6= X (B P 6~ Ko )] o

- / /]R Upv. o Koo+ 2) —Up(v,2 4 Xooo)]0(2)0(d2)dv.

These processes enjoy the following properties.

Lemma 3.1. For any fized z, s, f, ¢ as above, the processes F*5f  G*5F% are C*-valued mar-
tingales with respect to (Fi)s<t<o = (0(Xst 1 5 < t))s<i<o. Furthermore, G®s 1o — #F%S’f
is differentially subordinate to %F’”’f.

Proof. The fact that F and G are martingales was proved in [8]. Actually, F' is a pure-jump
martingale and G is obtained by modulating the jumps of F (by means of the function ¢)
and subtracting the appropriate compensator which ensures that the martingale property is
preserved; note that G is also pure-jump. Consequently, the square brackets of these processes
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are just sums of squares of appropriate jumps, and hence

{G_B“’FG B+bF} _[HRHF]
coL2 2 ],
2 B+b\> [(B-b\>
- Z (Fu = Fu-) ¢(Xs7u_XS7u—)_T U2 .
s<u<t

Since ¢ takes values in [b, B], the expression in the parentheses is nonpositive and hence the
differential subordination follows. O

The final step is to define the operator S = S*® by the bilinear form
[ Staatnar = [ BG gt + Xo0)da (32)
where f, g € C5°(R?). We have the following statement, proved in [] and [36], which establishes
the aforementioned representation of Fourier multipliers in terms of Lévy processes.

Lemma 3.2. Let 1 < p < oo and d > 2. The operator 8>V is well defined and extends to a
bounded operator on LP(R?), which can be expressed as a Fourier multiplier with the symbol

M(&) = Ms,¢,u(§)

oo (o L0 e )| B

if [pa(1 —cos(&, 2))v(dz) # 0, and M(E) = 0 otherwise.
3.2. Proof of (1.5). We may and do assume that at least one of the measures p, v is nonzero.
It is convenient to split the reasoning into two parts.

Step 1. First we show the estimate for the multipliers of the form

Jra(1 — cos(€, 2))é(z)v(d2)
Mol€) = i st D)

Assume that 0 < v(R?) < oo; then the above representation in terms of Lévy processes is
applicable. Fix s < 0 and functions f, g € C5°(RY) such that f takes values in C", while
g takes values in the unit ball of C™ and is supported on a certain set E of finite Lebesgue
measure. By Fubini’s theorem and (2.14), we have, for any A > 0,

/ E [Gﬁ’s’f’d’g(x + XS70)] dx
Rd

(3.3)

S/ E|G3’S’f’¢|1{w+Xs,er}d$

Rd

< /d E(|G§’S’f’¢| — A)l{w+xs,er}dz + )\/d El{z-&-XS,OeE}dl’
R R

< / CE(GE )~ X)sda + A|E]

A 1-1 1
71/ E —”|G§’S*f’¢|—1+f dz + M E|
— - JRd A p
Jr

oG 1-3 ’
: PabvB/ IE< LIFg ) do+ M E|
— p Rd A

= et ol gy + AEL
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Plugging this into the definition of S and taking the supremum over all g as above, we obtain

(5"
/ 859 f(a)|de < Tt Cob s f o gay + AIE. (3.4)

Now if we let s — —o0, then M, 4, converges pointwise to the multiplier My, given by (3.3).
By Plancherel’s theorem, S*%¥ f — Ty, f in L?(R?) and hence there is a sequence (s,)52,

converging to —oo such that lim, . StV f TMWf almost everywhere. Thus Fatou’s
lemma combined with (3.4) yields the bound

(-3
T p
[ Ty 5@)de < 32 Ly g + MIEL

Now we minimize the right-hand side over A. A straightforward analysis of the derivative shows
that the minimum is attained for A = (p — 1)Cpy 5| fl|Ls®a)/(p|E|'/P), and we obtain the
estimate

/wm @)z < Cp. 51| |y | E| =177, (3.5)

Now, if we fix an arbitrary A > 0 and set £ = {|T, , f(x)| > A}, then

1
NE? € ey [ 1T, S@)d < e, (3.6)

which is the desired weak-type bound.

Step 2. Now we deduce the result for the general multipliers as in (1.1) and drop the
assumption 0 < v(R%) < co. For a given ¢ > 0, define a Lévy measure v, in polar coordinates
(r,0) € (0,00) x S by

v (drdf) = e=25.(dr)u(dh).
Here §. denotes Dirac measure on {e}. Next, consider a multiplier M, 4 .. as in (3.3), in
which the Lévy measure is 1¢;/5.3v + v. and the jump modulator is given by 1,51 0(x) +
L{jz|=<}¥(z/|x|). Note that this Lévy measure is finite and nonzero, at least for sufficiently
small . If we let ¢ — 0, we see that

—cos(§, o) (x/|z])ve(de) = 2 M
[ = costeautalelvetao) = [ 07 000) 2

= 5 [(€0200)n0)

and, consequently, M; 4 . .0 — Mgy u,v POintwise. Therefore, by Fatou’s lemma, (3.5) yields

Auhw%Jumusc@mmmmmEW*w.

1(d6)

This in turn gives (1.5), by the same procedure as in (3.6) above.

3.3. Sharpness. Now we will prove that the constant C,; g is optimal, for each p > 2 and
any dimension d > 2. We start with a simple observation which follows from the construction
in Section 2 and a simple scaling argument. Fix an arbitrary ¢ > 0 and a continuous function
O : [0,00) — [0,1] such that ©(x) = 0 for z € [0,1] and O(z) = 1 for x > 1 + €. Then there
is a pair (F,G) of finite martingales such that G is a transform of F by a predictable sequence
with values in {b, B} and

EO(|Gucl) > (Chy  — I (3.7)
We will find an appropriate analytic analogue of this estimate, with the expectation replaced
by an integral over R¢, F., replaced with a certain function f and G replaced with T}, f for
an appropriate symbol m. This will be done with the use of laminates, important family of
probability measures on matrices. It is convenient to split the reasoning into several separate
parts. For the sake of convenience and to make the presentation as self contained as possible,
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we recall the preliminaries on laminates and their connections to martingales from [13] and [38],
Section 4.2.

Laminates. Assume that R™*"™ stands for the space of all real matrices of dimension m x n
and RYS denote the subclass of R"*™ which consists of all symmetric matrices of dimension
n xn.

Definition 3.3. A function f : R™*"™ — R is called rank-one convex, if for all A, B € R™*"

with rank B = 1, the function ¢ — f(A + ¢B) is convex.

See [22, p. 100] for other equivalent definitions of rank-one convexity. Suppose that P =
P(R™*™) is the class of all compactly supported probability measures on R™*". For a measure

v € P, we define
Pz/ Xdv(X),
]Rm)('n.

the associated center of mass or barycenter of v.

Definition 3.4. We say that a measure v € P is a laminate, if

f(7) < /R jav

for all rank-one convex functions f. We will write v € £ in such a case. The set of laminates
with barycenter 0 is denoted by Lo(R™*™).

Laminates can be used to obtain lower bounds for solutions of certain PDEs, as observed
by Faraco in [24]. In addition, laminates appear naturally in the context of convex integration,
where they lead to interesting counterexamples, see e.g. [3], [20], [31], [33] and [44]. For our
results here we will be interested in the case of 2 X 2 symmetric matrices. The key observation
is that laminates can be regarded as probability measures that record the distribution of the
gradients of smooth maps: see Corollary 3.8 below. We briefly explain this and refer the reader
to the works [30], [33] and [44] for full details.

Definition 3.5. Let U be a subset of R?*2 and let PL(U) denote the smallest class of proba-
bility measures on U which

(i) contains all measures of the form Ad4 + (1 —A)dp with A € [0, 1] and satisfying rank(A—
B) =1;

(ii) is closed under splitting in the following sense: if A\d4 + (1 — A)v belongs to PL(U) for
some v € P(R?*?) and u also belongs to PL(U) with @ = A, then also Au + (1 — \)v
belongs to PL(U).

The class PL(U) is called the prelaminates in U.

It follows immediately from the definition that the class PL(U) only contains atomic mea-
sures. Also, by a successive application of Jensen’s inequality, we have the inclusion PL C L.
The following are two well known lemmas in the theory of laminates; see [3], [30], [33], [44].

Lemma 3.6. Let v = Zil Aida, € PL(RZ)?) with 7 = 0. Moreover, let 0 < r < £ min|A4; —

A;j| and § > 0. For any bounded domain B C R? there exists u € Wy (B) such that ||ul|c1 < &
and for alli=1,2,..., N,

|{z € B: |D*u(z) — 4;| <r}| = \i|B].

Lemma 3.7. Let K C R2X2 be a compact convex set and suppose that v € L(R2%?) satisfies

sym sym
suppv C K. For any relatively open set U C Rf;ﬁl with K C U, there exists a sequence
v; € PL(U) of prelaminates with 7; = U and v; X v, where = denotes weak convergence of

measures.

Combining these two lemmas and using a simple mollification, we obtain the following state-
ment, proved by Boros, Shékelyhidi Jr. and Volberg [13]. It exhibits the connection between
laminates supported on symmetric matrices and second derivatives of functions. It will be our
main tool in the proof of the sharpness. Recall that D denotes the unit disc of C.
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Corollary 3.8. Let v € Lo(R272). Then there exists a sequence u; € C§°(D) with uniformly

sym
bounded second derivatives, such that

]D|/ )dr — oo pdv

sym

for all continuous ¢ : Ri;n% — R.

Biconvex functions and a special laminate. The next step in our analysis is devoted to the
introduction of a certain special laminate. We need some additional notation. A function
¢ : RxR — R is said to be biconvez if for any fixed z € R, the functions x — ((z,z) and
y — ((z,y) are convex. Now, take the martingales F' and G as in (3.7). Then the “skew”
martingale pair

(ﬁ,é) :: (—bF_—i—bG7 BF_—bG)

is finite, starts from (0,0) and has the following zigzag property: for any n > 0 we have
F, = n+1 with probability 1 or G, = Gn+1 almost surely; that is, in each step (F G) moves
either vertically, or horizontally. Indeed, this follows directly from the assumption that G is
a transform of F' by a predictable sequence with values in {b, B}. This property combines
nicely with biconvex functions: if ¢ is such a function, then a successive application of Jensen’s
inequality gives

EC(Fpy Gr) > EC(Fno1,Grt) > ... > EC(Fy, Go) = ¢(0,0). (3.8)
The distribution of the terminal variable (Fio,Goo) gives rise to a probability measure v on
RQQXZ put
sym:*

v (diag(z,y)) = P((ﬁm,ém) = (nc,y))7 (z,y) € R?
where diag(x,y) stands for the diagonal matrix < g 2 ) . Observe that v is a laminate of

barycenter 0. Indeed, if ¢ : R2*? — R is a rank-one convex, then (z,y) — (diag(z,y)) is
biconvex and thus, by (3.8),

Ydv = Ep(diag(Fuo, Goo)) > 9(diag(0,0)) = ¢(D).

R2x2

Here we used the fact that (F,G) is finite, s0 (Fao, Goo) = (F,, Gp) for some n.
Sharpness for Fourier multipliers, dimension d = 2. Recall the function © : [0,00) — [0, 1]
which appears in (3.7). Then the function ¢ : R2? — R given by
p(A) = O (|BAn + bAn|) - (CF, 5 — &) [Ann + Agl”
is continuous. Hence, by Corollary 3.8, there is a functional sequence (u;);>1 C C§°(D) such
that
1

1
— D3u. -
DI i 7007 |1D>|/ .

Therefore, for sufficiently large j, we have

2=, [ e =BO(Goc) = (€ 5~ JEO( Pl >
Bguj 82uj
/]RZ@ (’B dx? +b3y

)d$> pbB / |A’U’j|dx
that, setting f = Auy,

/@(]BR§f+bR§f|)dx> D B — /|f|de
RQ
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But x[1,00) = ©, so we obtain

o € B @) =1} > (s =) [ 1P,

with T}, = BR? + bR3. This is the desired sharpness, since T}, is a multiplier with the symbol
from the class (1.1).

Sharpness for Fourier multipliers, dimension d > 3. Suppose that for a fixed p > 2 and some
positive constant C' we have

[{z € R : |BR; f(z) + bR3 f(2)| > 1}| < C|fI?, (B (3.9)

for all f. For t > 0, define the dilation operator d; as follows: for any function g : RZ2xR%~2 — R,
we let 8,g(¢,¢) = g(&,t¢). We check that the operator Tj := 6; * o (BR? + bR3) o 6, satisfies

Hx € RY: T, f(x) > 1} (3.10)

=t"2|{z e R*: |(BR} + bR3) 0 6, f(x)| > 1}

<t [ 1f(a)de = I oy (3.11)
R4

Next, we easily check that the Fourier transform F satisfies the identity F = t?=25, 0 F o &, so
the operator T; enjoys the condition

— BE2 4+ pe2 <
Tif (€ ¢) = —m,f(g,q (£,¢) € R x R42,

By Lebesgue’s dominated convergence theorem, we have

lim T,/(£, ¢) = ToJ (&,€)

in L?(R%), where 1/};”(5, ¢) = Bgfglt,bgl f(&,¢). By Plancherel’s theorem and Fatou’s lemma, we
see that (3.11) implies

{az e R?: |Tof(2)| > 1} < ClIfII 5 (gay- (3.12)
Now pick an arbitrary function f € L?(R?) and set

F(€0) = F(E)xq0.174-2(C).

Recalling that R1 and Ry are the planar Riesz transforms, we see that

Tof(&.¢) = (BRY + bR3) F(§)xpo.ya-2(©),
because of the identity

sz +081 G

1/_‘(:}‘-(574.) |£|2 f(f)l[o,l]d_Q(C)

Plug this into (3.12) to obtain
Hx ER?: ]anﬂ bRSf‘ > 1}] < O 112 g2y
However, we have shown above that this implies C' > C} . The proof is complete.

4. FURTHER APPLICATIONS OF THEOREM 2.2: INEQUALITIES FOR HARMONIC FUNCTIONS
AND THE RIESZ SYSTEM

4.1. Inequalities for harmonic functions. We will prove a version of Theorem 2.1 in the
context of harmonic functions on Euclidean domains. Suppose that n is a positive integer and
let D be an open connected subset of R”. Fix a base point £ belonging to D and let b <0< B
with b + B > 0 be fixed real numbers. In addition, assume that two real-valued harmonic
functions u, v on D satisfy the following conditions

B+b B-b
o) - 25| < |2

o) (41)
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and

B+b

Vo(z) — 7Vu for any € D. (4.2)

)| < [P

Let Dy be a bounded domain satisfying £ € Dy C Dy U 0Dy C D and let ugDO stand for the
harmonic measure on dDg corresponding to £&. The LP norm of the function w is given by

1/p ¢
fullr o) = sup ( / |u|P) 4.
DO 8D0

where up, is the restriction of u to Dy. The harmonic analogue of Theorem 2.1 is the following.

Theorem 4.1. Let b < 0 < B with b+ B > 0 be fized numbers. If u, v satisfy (4.1) and (4.2),
then

[0]lp,00 < Cpp,5|ullp- (4.3)

Proof. Let Dy be an arbitrary subdomain of D as above. Let W = (W;);>¢ be a Brownian
motion in R", started at £ and stopped upon reaching the boundary of Dy. Then the processes
X = (u(Wy))i>0 and Y = (v(W))i>0 are martingales and Itd’s formula implies

X =u(§) + /Ot Vu(Ws)dWs,

R GRS TORY M CTUSEES MU

Therefore, by (4.1) and (4.2), the process Y — £F2X is differentially subordinate to 232X, so
for any ¢ > 0 and A > 0,

NPP(|Yy| > A) < CF, gEIX P

Since Dy is bounded, W converges pointwise to the random variable which is distributed along
0Dy according to the measure uEDO. Consequently, the right-hand side above tends to ||u\|€p( Do)
as t — oo. The left-hand side is dealt with similarly and the claim follows, since Dy was

arbitrary. 0
4.2. Inequalities for the Riesz system. Let wg, wi, ..., w, be harmonic functions given
on a domain D C R"*! which consists of points of the form x = (x¢,21,...,2,). Assume

that the functions wy have their values in the Hilbert space H and satisfy the generalized
Cauchy-Riemann equations:

n
E wir = 0 and Wik = Wiy,

where wj;, = OJw;/0xy, for j,k = 0,1,2,...,n. If w : D — # is harmonic, then wy =
ow/dxg, ...,w, = dw/dx, satisfy these equations. As proved by Stein and Weiss [41], these
systems of harmonic functions provide a natural setup for the extension of the theory of Hardy
spaces to higher dimensions. Let F' = (0, w1, ...,w,) and G = B“’ (wg, w1, ..., wy) . Note that
F and G are harmonic functions from D to K = Hx .XH where the norm of y = (yo, ..., yn) € K
is given by |lyllx = (X j_o lvk|?)'/2. Then F and G satisfy

B+b b
VG — JrVF‘ < f‘VF

)
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such that b and B are as above. Indeed,

G

2
) ‘V'LUO|2

B n
|wool® + Z |wor|*
L k=1

=

[ » 2 n
> wir| + D lwwol?
L k=1 k=1

()
()
<B+b)2 - -
)

IN

(n =1 Jwl® + [ D lwes* + D lwiol?
k=1

L k=1 k=1

IN

[(n—1)|VF|* + |VF?]

2
)vw
B—b

2
<n|=—=) |[VFJ.
n(250) 19r

Il
3

7~ N 7N
N)

Hence, by Theorem 4.1, if there is a point £ € D such that

B+b

66 - 21 ro) < v |2

SF©)|

then, for 1 < p < oo, we have

[10
[11
[12

[13

1Glp.oc < VNCpp5lFllp.
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